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We study the symmetries of the two dimensional Heterotic string theory by fol-
lowing the approach of Kinnersley et al for the study of stationary axially-symmetric
Einstein-Maxwell equations. We identify the nite dimensional symmetries which




for the Einstein-Maxwell equations. We
also give the constructions of the innite number of conserved currents and the ane
o^(8; 24) symmetry algebra in this formulation. The generalized Ehlers and Harrison
transformations are identied and a parallel between the innite dimensional sym-
metry algebra for the heterotic string case with
^
sl(3; R) that arise in the case of




There has been a resurgence of interest in the investigatons of duality symmetries [1, 2, 3]
in string theory. In a series of interesting papers, Sen gave the explicit realization of S- and
T-dualities for the torus compactied heterotic string theories in various dimensions[4, 5,
6, 7, 8], exploited them for obtaining the solitonic spectrum of these theories and argued
in favour of the nonperturbative validity of the S-duality symmetry. Partly inspired by
these results, further studies led to the interesting developments towards understanding
the duality symmetries of other supersymmetric gauge and string theories [9]. It is now
believed that the symmetries like S-duality are the symmetries of more genral string theories
and can possibly help in handling their nonperturbative aspects. More recently, duality
symmetries relating type II and heterotic string theories [2, 8] as well as the ones combining
S- and T-duality into a bigger symmetry, namely U-duality[10], have also been discovered.
The enlarged duality symmetries are also known to be present in dimensions other than
four[10, 2, 6, 7]. For example, in three dimensions, the T-duality O(7; 23;Z) combines with
the S-duality to form a bigger group O(8; 24;Z)[6]. In this paper, we study the duality
symmetries of the two dimensional heterotic string theory by exploiting their resemblance
to the Einstein-Maxwell theory with two commuting isometries.
Symmetries of the stationary axisymmetric Einstein-Maxwell equations have been stud-
ied a great deal over the years in the past[11, 12]. After the pioneering work by Geroch[13]
for the stationary, axisymmetric Einstein equations, in a series of papers, Kinnersley et
al[14, 15, 16, 17] unravelled a very rich symmetry structure in the stationary, axisymmetric
Einstein-Maxwell equations, or equivalently, the so-called Ernst equations | a formulation
due to Ernst. In fact, they showed that these equations enjoy an innite-dimensional sym-
metry and found that the algebra is an innite extension of the sl(3; R) algebra. It was
realized later that this was the current algebra
^
sl(3; R) and it is this symmetry that renders
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the non-linear Ernst equations integrable. There exists an innite number of conserved cur-
rrents in this theory and the algebra is realized in terms of them. A parallel of these studies
has also been carried out for supergravity theories compactied to two dimensions.[18, 19]
Some aspects of the Ernst sigma model and the innite dimensional symmetries have
been analyzed recently in the context of heterotic string theory[20, 21, 22, 7]. In particular,
the T- and S-duality symmetries of the four dimensional string theory in the presence of two
commuting isometries have been shown to be a subgroup of the innite dimensional String
Geroch group[20, 7]. It was also shown in [7] that the O(8; 24) symmetry of the heterotic
string theory in 3-dimensions [6] has an anization to
^
O(8; 24) in 2-dimensions. However
in these extensions to string theories, the emphasis has mainly been on the algebraic and
symmetry structure and comparatively less on their applications to the classication and
the generation of the background elds. More recently some work has been carried out
to use these transformations for practical purposes in theories with axion and dilaton
elds[24]. The full structure of the heterotic string theory, however, has been missing in
these attempts since the moduli elds are not included.
In the approach by Kinnersley et, al[14, 15, 16, 17] to the investigation of the Einstein-
Maxwell therory with two commuting isometries, both the algebraic structure of the sym-
metries as well as their applications to the gravity backgrounds are claried. For example,
the nite form of the symmetry transformations which can be used for generating solutions
have been given in [14, 16]. They include interesting nontrivial transformations such as the
Ehlers and the Harrison transformatins. The innitesimal form of these transformations
on an innite set of potentials responsible for generating the ane algebra is also given in
these papers.
In a previous paper[25], two of the present authors applied the formalism of Kinnersley
et al to the studies of the string eective action and found a close analogy between the





backgrounds. Based on this analogy, we gave the analogues of the Ehlers transfor-
mation for the string eective action and showed their connection to the O(d; d) symmetry
transformations. We in fact demonstrated that the generalized Ehlers transformation of
string theory can be identied with the coset
O(d)O(d)
O(d)
of the symmetry group O(d; d). This
O(d; d) , unlike T-duality, however acts on the variables  , G and , where  is the eld
dual to the the antisymmetric moduli B. G are the symmetric moduli and  is the dilaton












































































are the only transformations which act dierently on B and on  . They
act non-locally on B and are responsible for the presence of the innite set of conserved
currents. These are identied as the Ehlers transformation for string theory.
In this paper we extend the analysis of our previous work to include nontrivial gauge
elds of heterotic string theory. We once again show a close analogy of the equations of





in their analysis of Einstein-Maxwell theory to the heterotic
3
string theory. These groups in string case act manifestly on the original and the dual equa-
tions of motion respectively. We also explicitly construct the innite number of conserved
currents of this theory and their transformation rules starting from original as well as dual
equations of motion. We identify the innite dimensional symmetry algebra of this the-
ory with the ane o^(8; 24) algebra and identify the analogues of the Ehlers and Harrison
transformations. The duality symmetry of the two dimensional heterotic string theory is
the discrete subgroup
^
O(8; 24;Z) of this innite dimensional symmetry[7].
The rest of the paper is planned as follows. In section-2 we give the equations of motion
of the heterotic string and show their analogy with that of the Einstein-Maxwell equations.
We also write down the equations of motions using the dual variables and show that they
are also analogous to the equations in the Einstein-Maxwell theory. Section-3 gives the
construction of the innite set of potentials. The symmetry transformations, the related
algebra and their identication with o^(8; 24) is given in section-4. These correspond to the









in the present case. The conclusions and the discussions are given in section-5.
2 Derivation of the Equations
We now begin our study of the bosonic part of the two dimensional heterotic string theory





backgrounds of the ten dimensional heterotic string theory compactied to two dimensions.
The situation is equivalent to considering the four dimensional heterotic string theory with
two commuting isometries. Furthermore, since the gauge elds have no dynamics in two
dimensions, the two dimensional gauge elds are chosen to have vanishing backgrounds[14,














































(G  B + C)G
 1






















G and B are respectively d  d symmetric and antisymmetric matrix-valued scalar elds.
A denotes d  n matrix-valued scalar elds coming from the gauge elds of the heterotic
strings. For the heterotic string theory, d = 8 and n = 16, but we keep these parameters






is a d d matrix. The equations of motion for the moduliM and dilaton e
 2









































M) = 0: (8)















 = 0: (10)


























denotes an n  n identity matrix. The third equation (8) turns out to be an










































M) = 0: (13)
Determination of this conformal factor is important for the generation of new solutions.
However, since this equation for   is integrable, we only concentrate on equations (9), (10)
for studying the symmetries of the theory. These equation are the same as that for the
Ernst sigma model[11, 19, 20]. It is also clear that they are invariant under an O(d; d+ n)














 = L; (15)
which includes the T-duality symmetry of the string theory as its discrete subgroup O(d; d+
n;Z) and has been used for generating solutions. The non-trivial action of T-duality
is represented by a group
O(d;Z)O(d+n;Z)
O(d;Z)
[27]. The T-duality is also conjectured to be a
symmetry, not only of the string eective action, but also of the full string theory[5].
However it has already been pointed out[7] that in two dimensions, which is the case at
hand, the symmetry is not merely O(8; 24), but an innite dimensional one, viz
^
O(8; 24).
We shall show the existence of
^
O(8; 24) symmetry in later sections after dualizing equations
(9){(10).
At this point we would like to mention to the readers interested in seeing only the
^
O(8; 24) symmetry structure that they can directly proceed to the analysis of sections (3.b)
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and (4.b). However the full structure of the analysis by Kinnersley et al is unravelled only
by studying the component forms of equation (9) and their dualizations. This is pursued
in the following. In section-5 we comment on the comparison between the dualization
procedure given below and the one in section (3.b).
The symmetry transformations on the moduli is now determined on the lines of [14, 15]
by obtaining the twist potentials. For this we observe that equations (9) are total divergence



















































































































































































































































where E  G+B+C, and superscript
T
denotes the transpose. Note that these equations
are not all independent. Equations (16), (18) and (20) are the transpose of equations (19),
(24) and (23), respectively. This leaves us with six equations in three unknowns, viz. G, B
and A. However, they are also not all algebraically independent. For example, equation(18)
is identically satised using (16) and (20). We shall take equations (19), (20) and (22) as
three independent equations. The reduction to only three independent equations is due to
the fact that eqn.(6) is basically the O(d; d+n) invariant combination of the three equations
of motion for G, B and A. Equations (19) can be further simplied using the other two,
7







































































































) = 0: (27)














 B. We have thus shown a close rela-
tionship between the equations of motion of the heterotic string theory and the equations
of the dual elds in the Einstein-Maxwell theory. These identications allows us to apply
the whole formulation of Kinnersley et al to the present problem with some variations. For





A, does not represent a new degree of freedom.














































A   A); (29)
such that equations (25) and (26) are the integrability conditions for  and
~
A. One can




A and  into the equations of motion one can rewrite them as divergence










































One can now use G,  and  to rewrite the equations (25){(27). In this way one obtains a



































































These are once again of the same form as the equations in the Einstein-Maxwell theory.












and !   . Other equations, namely the analogues of
(7.5) and (7.6) in [14], are derivable from the above ones and have the same form.
At this point we note a major dierence between the situations in the Einstein-Maxwell
theory and string case. We nd that the roles of the original and dual variables as compared
to [14, 15, 16] have changed in our case. Namely the B eld of string theory plays the role of
the dual variable  
11
in [14] and our  plays the role of the twist potential ! parameterizing
the metric in [14]. As a result the Ehlers and the Harrison transformations as written in [14]
can not be directly copied to our case, since they will simply correspond to our T-duality
transformations in equations (14). Our task, on the other hand, is to nd the symmetry
transformations with non-local action on B.




























with LML =  M
 1















) = 0; (39)
and is equivalent to the two equations (32) and (33). Similarly the two equations (34) and
















Thus, starting from our original set of equations of motion, we have arrived at a formulation
of the equations that consists in the variables G,  , A, and
~
A. Unlike B, A has not been
eliminated in favour of its dual in equations of motion. Setting the gauge elds to zero we
also retrieve the expression forM as well as the equations of motion of the dual elds given
in [25]. We now study the symmetries of the equations (39) and (40).
3 Symmetries of the equations of motion











 = L (41)










(iii)M !M; !  + constt: (43)
These transformations are the extensions of the group G
0
mentioned in [14]. Similarly





symmetries, (i) and (iii) are the same transformations mentioned in[14]. (ii) is a new
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in [14]. Together, these are a 496-parameter global symmetry transformations of
the dual equations of motion for the heterotic strings. Note that although equations (39)
and (40) are not manifestly invariant under O(8; 24), we will still be able to show that these
equations have an ane
^
O(8; 24) symmetry and identify G
0
as part of this.
In subsection (3.a) below we now give the construction of the innite set of conserved
currents starting from the dual equations (39)- (40). The same exercise for the original
eld equations (9)- (10) is done in section (3.b).
(3.a) Conserved Currents from the Dual Equations of Motion
The basic property needed for generating the innite dimensional algebra using the
procedure of [14, 15, 16] is to nd a set of variables satisfying the Ernst equations. The 
in equation (36) already saties this property. To nd other quantities which satisfy similar





































One can now use  and H to construct the innite hierarchy of potentials in terms of
which the innite dimensional symmetry algebra will be realized. Let us note at this point
that both H and  contain the mixture of original and dual elds. This mixture of elds
is also crucial for the generation of new solutions. Treating H and  as our eld variables,
11






















































P = 0: (51)
Furthermore one can dene more elds out of the four potentials K, N , Q and P which
also satisfy the Ernst equations. For example the elds R and U dened as
U = N + Q+HLH; (52)
R = P + K +HL; (53)































. R and U can now be used in place of  and H to dene a second
set of potentials as in (47){(50) and thence another set of elds, as in (52){(53) and so on,
each time increasing the order of elds in the potentials by one. This bestowes us with an
innite set of elds fH
n
jn = 1; 2   g and f
n
jn = 1; 2   g with
H
1








































































which satisfy equations similar to (51). These in turn enable us to dene the solutions of



















as the (n+1)-th set of elds from the n-th set in the hierarchy. Due to the matrix-valuedness
of A in our case, K for us is an n  n matrix instead of being a single number in [14, 15].
P and Q are respectively 2d  n and n 2d matrices and N is a 2d  2d matrix.

















































































Derivation of equations (66){(72) involve integration by parts. We can set the constants
of integrations to zero without any loss of generality. For later convenience, we shall now



































where p  1. All other quantities with m;n  0 are dened to vanish. One can now





















































where s runs over all integers,  1  s  +1.
We have thus shown the presence of the four sets of innite number of conserved currents
in our two dimensional theory corresponding to the potentials K, P, Q and N . In the
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next section we nd the symmetry transformations corresponding to these innite set of
conserved currents and the corresponding algebra. Before that however we give the same
construction of currents starting with the eld equation (9).
(3.b) Currents from the Original Equations of Motion













H  M+ iL
^































N = 0: (83)








































































which satisfy equations similar to (83). This in turn enables us to dene the solutions of









































































L, where p  1. All other quanitities with m;n  0 are again dened to vanish. One can













where s runs over all integers,  1  s  +1.
4 Symmetry algebra
In this section we rst construct the o^(8; 24) algebra corresponding to the currents of
section-(3.a) and later on those corresponding to the currents in section-(3.b).
(4.a) Algebra from the Dual Equations
Let us now note that the equations (76){(79) are invariant under three sets of trans-






. These are respectively








It can be checked that the equations (76){(79) are invariant under the following set of




























































































































































































































































































is an n  n antisymmetric matrix. In all the above expressions the index i runs
from 1 to k It can also be checked from above that the elds which are set to zero or other
constants do not transform.
It can be veried that the transformations (91)-(102) keep the recursion relations (76)-
(79) as well as the Ernst equations invariant and therefore generate the solutions of (36) and
(46) through these recursions, starting from the lowest members. To show the invariance
of the Ernst equations, one needs to integrate the identity (56) with vanishing integration
constant.
The symmetry algebra can be obtained by using the transformation rules given above












































































































One can also write this symmetry algebra in a compact form by introducing a set of 2d+n-





















































One can identify the  
k
a
's in eqn.(109) as the generators of the O(8; 24) transformations
and therefore equation (110) represents an ane o^(8; 24) symmetry algebra.
(4.b) Algebra from the Original Equations




















































is a (2d + n)  (2d + n) antisymmetric
matrix and i runs from 1 to k. Once again we have veried that these transformations
leave the recursion relations, and in turn the eld equations, invariant. In this case one




































In this paper we have shown the connection of the two dimensional heterotic string equa-
tions of motion and its symmetries with those of the axisymmetrix Einstein-Maxwell equa-
tions. The existence of an innite number of conserved currents and
^
O(8; 24) symmetry
in the two dimensional heterotic string theory has also been shown by using this analogy.
The construction of the innite symmetry structure was given for both the original equa-
tions of motion of the heterotic string as well as the one written after dualization and the
elimination of the eld B. The construction of the o^(8; 24) for the dual equations of motion
was possible, even though they are not manifestly invariant under an O(8; 24) symmetry
group.
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In this procedure, the action of the symmetry transformations on our original elds in
(5) can also be found. This can be done for the symmetry transformations in section-(4.a)
by identifying 	
11
as B through the dualization relations. Other elds, G and A already
appear in the transformation laws through  and M . For example, The transforamtion
by the parameters 
0
is simply the innitesimal version of the O(d; d) transformations in
equation (41). This can be seen by writing down its action on the potentials. They can be





; P ! 
P; Q ! Q

T
; and K ! K: (113)
The intesimal form of these transformations matches with (91)-(94), since all the quadratic
terms in these equations vanish for k = 0. Similarly it can be shown that the transforma-
tions (42) correspond to 
0
and (43) to c
0
.
The nontrivial action of 
0
is given by the Ehlers transformation whch is represented
by 
 of the form 

2
in equation (3). The situation here is dierent from [14, 15] where
the Ehlers transformation is represented by 
1
. This is because, unlike in [14, 15] our M
already represents the dual variables and a linear transformation like 
0
induces non-local
transformation of B. The action of these transformations on B can also be found out
explicitly, but we do not give them here. For vanishing A;
~
A backgrounds, the action of 
0
,
or equivalently the transformations of equation (41) reduces to the Ehlers transformation
in [25].
On the other hand, if one proceeds by using the results of our sections-(3.b) and (4.b),
namely the innite extensions of the original equations of motion, then the Ehlers as well









simply the T-duality rotations of equation (14).
We now discuss the connection between the two sets of conserved currents as well as
symmetry structure shown in sections (3.a)-(4.a) and (3.b)-(4.b). For the later one, the
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O(8; 24) symmetry is manifest, whereas for the former ones this has been shown only after
studying the algebraic structure. It may be possible in the former case also to combine the
elds appearing in the dual equations of motion into a manifestly O(8; 24) invariant form.
However it probably requires the elimination of one of the degree of freedom out of A and
~
A. This can be done possibly by nding a gauge symmetry and then by making a proper
choice of gauge. It may be interesting to study this aspect further.
In this context, it is also important to nd out the connection between the dual variables
^
	, which appears as the dual of M and the matrices M and  which appear in the dual











A    A). However a complete identication of the
components of
^
	 with those of M and  involves potentials other than the two mentioned
above. Similar problem also occurs in the identication of 	 in terms of the leds G, B
and A.
It has been pointed out in [14] that the innite dimensional symmetry K
0
identied as
s^l(3; R), which is the analogue of
^
O(8; 24) in our case, can be obtained by the combined




. Extensions to innite dimensional
symmetry by the combined operations of T- and S-duality has also been noted recently[26].
It will therefore be interesting to identify G
0
as a combination of T- and S-duality. In this
context we have already identied H
0
as the T-duality symmetry of the two dimensional
heterotic string.
There are many other interesting avenues to explore in this area. First, one should
















will give the nite form of the Ehlers and Harrison transformations. This will be
important for generating the solutions of the heterotic strings similar to the Einstein-
Maxwell case[28].
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In the light of recent progress made in understanding the duality symmetries of the
N = 2 supersymmetric theories, it should also be of interest to study the symmetries of
other two dimensional string theories such as the ones compactied on manifolds other




or a product of Calabi-Yau with T
2
and so on. Progress on
these topics will hopefully be reported in near future.
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